Abstract. We characterize the standard S 3 as the closed Ricci-positive 3-manifold with scalar curvature at least 6 having isoperimetric surfaces of largest area: 4π. As a corollary we answer in the affirmative an interesting special case of a conjecture of M. Min-Oo's on the scalar curvature rigidity of the upper hemisphere.
Introduction
The following rigidity result for the unit ball of (R 3 , δ) is a well-known consequence of the positive mass theorem (see [16] , [19] , [11] , [17] , and [8] ):
Theorem. Let (M 3 , g) be a compact orientable Riemannian 3-manifold with nonnegative scalar curvature and boundary isometric to round S 2 with mean curvature equal to 2. Then (M 3 , g) is isometric to the unit ball of (R 3 , δ).
The theorem asserts that there are no compact deformations of the Euclidean metric within the class of non-negative scalar curvature metrics. The analogous rigidity statement for hyperbolic space was proven in [12] , [18] , [5] , [1] by establishing appropriate versions of the positive mass theorem in this context. In [13] M. MinOo raised the following question:
Conjecture (Min-Oo). Let (M n , g) be an n-dimensional compact orientable Riemannian manifold with scalar curvature R ≥ n(n− 1) and totally geodesic boundary isometric to round S n−1 . Then (M n , g) is isometric to the round hemisphere S n + .
We refer the reader to [13] , [8] , and [9] for more background and context for MinOo's conjecture. Recall that the standard metrics on R n , H n , and S n are all static (the linearization of the scalar curvature map about the standard metrics on these spaces has non-trivial cokernel). By the work of J. Corvino (Theorem 4 in [6] ), one can always locally deform the scalar curvature in any direction if the underlying metric is not static:
Theorem (Corvino) . Let Ω be a smooth domain compactly contained in a Riemannian manifold (M n , g 0 ). Suppose that the linearization L g0 of the scalar curva-
Then for every smooth function S on Ω sufficiently close to the scalar curvature R(g 0 ) and equal to R(g 0 ) near ∂Ω, there exists a smooth metric g on Ω such that R(g) = S and so that g ≡ g 0 outside Ω.
As was noted in [8] , by Corvino's theorem, staticity appears as an obstruction to finding potential counterexamples to Min-Oo's conjecture near the round metric on S n + . However, in [8] , F. Hang and X. Wang show that if one moves from the hemisphere S n + to a larger geodesic ball of S n , there even are metrics conformally related to the round metric with scalar curvature ≥ n(n−1) and standard boundary geometry:
Theorem (Hang and Wang). For any r ∈ (
By contrast, in the same paper the authors establish Min-Oo's conjecture among conformal deformations:
Theorem (Hang and Wang). Let g = e 2ϕ g S n be a C 2 -metric on the upper hemisphere S n + satisfying the assumptions (a) R g ≥ n(n − 1) and (b) the boundary is totally geodesic and isometric to standard S n−1 . Then g is isometric to g S n .
In a recent paper [9] , F. Hang and X. Wang use Raleigh's Bôchner-type formula on manifolds with boundary to show that Min-Oo's conjecture holds true in all dimensions if one adds Ric M ≥ (n − 1)g to the hypotheses.
The main result of this work answers Min-Oo's conjecture in the affirmative in the case where n = 3, Ric M > 0, and the boundary is an isoperimetric surface (Theorem 2): We point out that it is not necessary here to assume that ∂M 3 is round. In fact, the author is not aware of counterexamples to Min-Oo's conjecture when the original condition on the inner geometry of ∂M is weakened to a lower bound on its area, as above.
Our main contribution here, which quickly leads to a proof of the above theorem, is to characterize round S 3 as the unique Ricci-positive 3-manifold with scalar curvature at least 6 that admits isoperimetric surfaces of largest area (Theorem There are two steps in the proof of this theorem. The crucial first ingredient is the monotonicity of a certain isoperimetric mass that H. Bray discovered in his thesis [3] . H. Bray's arguments imply directly that the isoperimetric profile of (M 3 , g)
coincides with that of round S 3 . We recall that the isoperimetric surfaces of S 3 are the geodesic balls (this follows from a symmetrization argument, see for example [14] ). Second, to show that (M 3 , g) is in fact round itself, we employ a delicate comparison with the isoperimetric ratio of small geodesic balls in M 3 , using the Taylor expansion in [7] for their volume.
A curious feature of this proof is how the global information in the isoperimetric assumption implies complete rigidity of the local geometry. H. Bray's results in [3] have not been published. In the next section, we will summarize the required portion of his method to explain how it applies in this paper.
Note that the upper bound of 4π on the size of isoperimetric surfaces in the preceding theorem is already contained in the work of D. Christodoulou and S.-T. Yau [4] and comes out of a Hersch-type choice of test functions in the stability inequality:
Theorem ( 
where R M is the scalar curvature of M 3 .
We point out that highly successful notions of mass and quasi-local mass, which are derived from the isoperimetric defect (from Schwarzschild) of outward minimizing surfaces in asymptotically flat initial data sets with non-negative scalar curvature, have been introduced and studied by G. Huisken, who has used them to prove positive mass and Penrose-type theorems, including the rigidity cases. His work is largely unpublished at this point, but see the report [10] .
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Proofs
We review some standard results regarding the isoperimetric profile function of a closed Riemannian manifold, starting with its definition. We refer to the excellent survey article [14] and the paper [2] for the history and basic properties of the isoperimetric profile, as well as for further references on this topic.
It is a classical result in geometric measure theory that the infimum in the definition of the isoperimetric profile is achieved by "isoperimetric regions" Ω ⊂ M The following basic regularity of the isoperimetric profile was established in [2] : 
The lemma asserts that for every V ∈ (0, vol(M 3 )) there exists a smooth func-
A well-known and immediate consequence of part b) is that the isoperimetric profile is concave when (M 3 , g) has non-negative Ricci curvature.
In his thesis, H. Bray proved a scalar curvature based volume comparison theorem for 3-manifolds. More precisely, he showed that if a closed 3-manifold (M 3 , g)
has scalar curvature bounded below by 6 and Ricci curvature bounded below by ε(2g) for some ε ∈ (0, 1), then its volume is bounded above by the volume of the round unit sphere S 3 times a constant α(ε), where α(ε) = 1 for large enough ε ∈ (0, 1). The techniques from [3] , which are crucial in our proof of Theorem 1,
have not been published. For convenient reference, and in order to explain how the arguments from [3] apply directly in our context, we summarize several statements and proofs from H. Bray's thesis below: 
It was proven in [3] that isoperimetric surfaces are connected if the ambient manifold has positive Ricci curvature. In conjunction with the Gauss-Bonnet theorem and the estimate in part b) of Lemma 1, H. Bray obtained the following result:
) has positive Ricci curvature. Then
for every isoperimetric surface Σ 2 corresponding to the volume V .
The monotonicity of the adapted Hawking mass m H in [3] is crucial:
on which (a) every volume is realized by some isoperimetric region with connected boundary, and (b) the isoperimetric profile I is nondecreasing. In particular, if
Proof. For δ = 0 define the difference quotient operator
Recall that ∆ δ obeys a product rule and has formal adjoint −∆ −δ .
) as in the hypothesis of the lemma. One computes
Here, it was used that I ′+ (V ) = I ′− (V ), except possibly at countably many values of V , and the fact that ∆ −δ (∆ δ I) ≤ 0, which is just the concavity of I. By Lemma 2, The following corollary characterizes equality in Lemma 3. Its proof is implicit in the proof of the scalar curvature rigidity theorem in [3] . 
). An easy computation shows that the adapted Hawking mass of S 3 vanishes identically (indeed, the equator is an isoperimetric surface of area 4π), so
In the next lemma we recall the Taylor series expansion for the volume of small geodesic balls, found by A. Gray and L. Vanhecke in [7] by integration of the expansion of the volume element in geodesic normal coordinates. For our purposes, the expansion of the volume element to fourth order (see also Lemma 3.4 in Chapter 5 in [15] ) is sufficient.
Lemma 4 ([7]
). Let (M 3 , g) be a Riemannian 3-manifold, p ∈ M 3 , and 0 ≤ r ≪ 1.
In Section 8 of [7] , the authors concluded directly from this expansion that a 3-manifold M 3 has constant sectional curvature (or, equivalently, is Einstein)
provided that all small geodesic balls in M 3 have the same volume as the geodesic balls of the same radius in some fixed simply-connected 3-manifold of constant sectional curvature. In our proof of Theorem 1 we will use the isoperimetric profile I M as a lower bound for the isoperimetric ratio of small geodesic balls, whose Taylor expansion we give in the lemma below. It turns out that this one-sided comparison (along with the lower bound for the scalar curvature) already implies that M 3 is round, and the proof of this fact given below depends delicately on the sign of the coefficients in the Taylor expansion of the preceding lemma. Proof. This follows from the previous lemma and an elementary calculation. 
and Corollary 1 immediately implies that vol(M 3 ) = vol(S 3 ) and that I M = I S 3 .
As a first step, we argue that R M ≡ 6. Fix a point p ∈ M 3 . For any (small) value of V > 0 the boundary of the geodesic ball B(p, r) of volume V has surface area ≥ I M (V ) = I S 3 (V ). Using that the isoperimetric surfaces of the sphere are just geodesic spheres, we obtain from the previous lemma that
where again W = 3V 4π 1 3 . Since this inequality holds for all W > 0 sufficiently small, we conclude that R M (p) ≤ 6 and hence, since p ∈ M 3 was arbitrary, that R M ≡ 6.
We now proceed to show that in fact Ric M ≡ 2g. To see this, we focus on the sixth order term in the above expansion: Proof. Observe that since we assume that ∂M 3 is totally geodesic in M 3 , the doubled manifold with the reflected metric is only C 1,1 across ∂M 3 . This degree of regularity is enough for the proof of Lemma 3 to pertain. The full assertion now follows from applying the method of Theorem 1 away from the gluing region.
